Abstract. We give a purely local proof, in the depth 0 case, of the result by HarrisTaylor which asserts that local Langlands correspondence for GLn realizes itself inside the vanishing cycle cohomology of the deformation space of formal OK -modules of height n. Our proof is given by establishing the direct geometric link with the DeligneLusztig theory for GLn(Fq).
Introduction
Let K be a finite extension of Q p , with integer ring O K and residue field k ∼ = F q . The celebrated proof of the local Langlands correspondence for GL n (K), by HarrisTaylor [HT] , was achieved by showing that the desired correspondence is realized in the ℓ-adic vanishing cycle cohomology groups of the deformation spaces of formal O Kmodules of height n with level structures (known as non-abelian Lubin-Tate theory or the conjecture of ). As these deformation spaces occur as the local rings of certain unitary Shimura varieties at the supersingular points, they made an essential use of the global Langlands correspondences realized in the ℓ-adic etale Date: April 20, 2004 . 1991 cohomology groups of these Shimura varieties over a global field. In this paper, we give a purely local approach to this non-abelian Lubin-Tate theory, in the special case of depth 0 or level π, by computing the local equation of the deformation space and constructing its suitable resolution to calculate the vanishing cycle cohomology directly. We show that in this case, where supercuspidal representations of GL n (K) correspond to the cuspidal representations of GL n (k), the non-abelian Lubin-Tate theory is essentially equivalent to the Deligne-Luszting theory for GL n of the residue field, which realizes the cuspidal representations of GL n (k) inside ℓ-adic cohomology groups of certain varieties over an algebraic closure k of k.
To state our theorems precisely, let K, O K , k as above and fix a uniformizer π of O K and n ≥ 1. Let X be the spectrum of the deformation ring of formal O K -module of height n with level π structure ( [Dr] ), which is a scheme of relative dimension n − 1 over the integer ring W = O ur K of the completed maximal unramified extension K ur of K, which is a complete DVR with the residue field k. We are interested in ℓ-adic etale cohomology groups H i (X η , Q ℓ ) (ℓ = char k) of the geometric generic fiber X η = X × Spec W Spec K ur , which are finite dimensional GL n (k) × I K -modules, where I K is the inertia group of K.
On the other hand, let DL be the Deligne-Lusztig variety over k for GL n (k), associated to the element (1, . . . , n) of the Weyl group of GL n regarded as the symmetric group of n letters, or equivalently to a non-split torus T with T (k) ∼ = k × n where k n is the extension of k of degree n ( [DL] ). As this variety has an action of GL n (k) and T (k) ∼ = k × n , we can regard H i c (DL, Q ℓ ) as a GL n (k) × I K -module by the canonical surjection I K → k × n . We denote the alternating sums of these cohomology groups as follows:
which are regarded as elements of the Grothendieck group of GL n (k) × I K -modules. Then our main theorem on the vanishing cycle cohomology groups of X can be stated as follows (Theorem 6.16 ):
Theorem 1.1.
(i) We have the equality H * (X η ) = H * (DL). (ii) Among the H i (X η , Q ℓ ), cuspidal representations π of GL n (k) and generic inertia characters χ of I K (here generic means χ does not factor through any k × m with m | n, m < n via the norm map k × n → k × m ) occur only in H n−1 (X η , Q ℓ ), where they are coupled as π χ ⊗ χ by the usual correspondence π χ ⊗ St = Ind GLn(k) T (k) χ where St is the Steinberg representation of GL n (k).
The correspondence in the part (ii) of this theorem is essentially deductible from one of the main theorems of Harris-Taylor [HT] (Theorem VII.1.5), which was proven by highly nontrivial global arguments, but in this paper we first prove the part (i) of the above theorem by the local geometric arguments, and applying the results of DeligneLusztig theory. The fact that the cuspidal representations appear only in the degree n − 1 was remarked by Faltings [Fa] , as an improvement to the result of Harris-Taylor. (To see that their results imply theresults in the above theorem, one should write out the depth 0 case of the local Langlands correspondence. Here the supercuspidal representations of GL n (K) are obtained by inducing from GL n (O K ) the pull back of cuspidal representations of GL n (k), and irreducible n-dimensional representations of the Weil group W K is obtained by inducing the tame inertia character as in theorem from the Weil group W L of the unramified extension L of degree n over K. The local Langlands correspondence boils down to the correspondence mentioned in (ii) of the above theorem.)
We will prove these results by purely local arguments, in which we construct a suitable model of X and compute the cohomology of the geometric generic fiber in terms of that of the special fiber. In its course we obtain important informations concerning the local deformation space X as the following: Prop. 6.10) Over the tamely ramified extension W n = W (π 1/(q n −1) ) of W , X has a model whose special fiber contains a smooth affine variety over k which is isomorphic to DL as schemes with right
The part (i) of the this theorem gives the integral local equations of the relevant unitary Shimura varieties at supersingular points (similar equations can be given for the deformation spaces of formal O K -modules with level π m -structures for any m ≥ 1), and in the special case K = Q p and n = 2, it gives the "integral" version of KatzMazur's description of the bad reduction of modular curves X(p m ) ( [KM] Theorem 13.8.4). The resolution constructed in the proof of the part (ii) of this theorem can be used to give a generalized semistable model of the unitary Shimura variety with level π-structure, which would be worked out in the subsequent paper [Yo] . In principle this will enable us to compute the cohomology of this particular unitary Shimura variety over the local field K without using the arguments over the global field. The part (iii) of the theorem is obtained by normalizing the base change of a relevant part of generalized semistable model to W n , and is the basis of the proof of Theorem 1.1 above.
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Notations. µ j is the group of j-th roots of unity. Cohomology groups are all ℓ-adic etale cohomology groups, where we fix a prime ℓ different from the residue characteristic. For some group representation V , we denote the corresponding element in the suitable Grothendieck group by [V ] . F for a field F denotes a separable closure of F . Except in Section 6.1, K denotes a finite extension of the p-adic Q p , O K its integer ring, π its uniformizer (which we fix throughout) and k = O K /π ∼ = F q its residue field. For a finite field k ∼ = F q and integer n ≥ 1, k n ∼ = F q n denotes the unique extension of k of degree n. At many places we call the elements of the coordinate rings as "coordinates", but there should not be a confusion, in which case we will distinguish them by the capital/lower cases.
Review on the moduli spaces of formal O K -modules
Let K be a complete discrete valuation field with a finite residue field k with char k = p > 0 and char K = 0, i.e. a finite extension of the p-adic field Q p . Let O K be the integer ring of K, we fix a uniformizer π of O K , and let k = O K /π ∼ = F q . We denote the maximal unramified extension of K by K ur , and its completion by K ur , and the integer ring of K ur by W = O ur K . W is a complete discrete valuation ring with uniformizer π and residue field k = F q . Here we recall from [Dr] the basic facts on the deformations of formal O K -modules. The author is greatly indebted to the expository article of Yasufuku [Ya] which gives a detailed account of Drinfeld's theory. 
We denote by Σ n the unique formal O K -module of height n, and we can (and we will) take Σ n = (F, [·] ) so that it satisfies the following:
2.2. Deformation of formal O K -modules. Let C be the category of complete noetherian local W -algebras with residue field isomorphic to F q = W/π by the structure morphism, whose morphisms are local W -algebra morphisms. For formal O K -module Σ over A ∈ C , the reduction modulo the maximal ideal Σ = Σ ⊗ A F q is called the reduction of Σ, which is a formal O K -module over F q . We call Σ of height n if Σ has height n.
For A ∈ C , deformation of Σ n to A is a pair (Σ, i) consisting of a formal O K -module Σ over A and an isomorphism i : Σ n → Σ as formal O K -modules over F q . Isomorphisms between two deformations are defined by isomorphisms as formal O K -modules with the obvious commuting property for i. Deformation functor F 0 from C to the category of sets is defined by sending A ∈ C to the set of isomorphism classes of deformations of Σ n over A. Proposition 2.3. (Drinfeld [Dr] ) F 0 is represented by the formal power series ring of (n − 1)
2.3. Deformation with Drinfeld level structure. For a formal O K -module Σ over A ∈ C , the maximal ideal m of A is endowed with an O K -module structure by defining the addition and O K -multiplication by
For a height n formal O K -module Σ = (F, [·] ) over A ∈ C and an integer m ≥ 1, the Drinfeld level π m -structure on Σ is defined to be an O K -module homomorphism ϕ : (π −m O K /O K ) n → m Σ which satisfies the divisibility:
We call the image under ϕ of the standard basis {e 1 , . . . , e n } of (π −m O K /O K ) n the formal parameters of the level π m -structure. Note that, if we denote the left hand side by P ϕ (X) = (X − ϕ(x)), and let
, the constant term of U (X), which we will denote by u Σ , lies in 1 + m, as we have
For A ∈ C , deformation of Σ n with level π m -structure over A is a triple (Σ, i, ϕ) consisting of a usual deformation (Σ, i) over A and a Drinfeld level π m -structure ϕ of Σ. Isomorphisms between two deformations are defined by isomorphisms as usual deformations with the obvious commuting property for ϕ. Deformation functor F m from C to the category of sets is defined by sending A ∈ C to the set of isomorphism classes of deformations of Σ n with level π m -structure over A. The finite flat covering Spec A m → Spec A 0 is a Galois covering with the right action of the Galois group GL n (O K /π m ), defined by the natural action of GL n (O K /π m ) on the Drinfeld level π m -structure as follows. For any element g ∈ GL n (O K /π m ), we define the automorphism g : Spec A m → Spec A m such that the universal level π m -structure ϕ m pulls back to ϕ m •g under this automorphism. In terms of formal parameters, this is specified by the left linear action of GL n (O K /π m ) on the column vector t (X 1 , . . . , X n ), where the O K /π m -multiplications on X i 's are induced by the O K -multiplications of m Σn⊗Am .
2.4. Realization as a complete local ring of a Shimura variety. Here we briefly recall the realization of this deformation ring as a complete local ring of a certain Shimura variety from [HT] , especially Lemma II.2.7 of the book. The detailed definition of the relevant Shimura variety is described carefully in [HT] , which we omit here as it has little importance for us. In [HT] Section III.4, the proper flat integral model X U p ,m of some Shimura variety over Spec O F,w is defined, for U p ⊂ G(A ∞,p ) for a certain reductive group G over Q, and a multiindex m = (m 1 , . . . , m r ) ∈ (Z ≥0 ) r . We can take the local field F w to be our K, and the index m 1 to be our m. Then the Lemma III.4.1(1) of [HT] tells us that the completion of the strict local ring of X U p ,m at any closed point s with h(s) = 0 (the supersingular point, i.e. where the etale height of the corresponding Barsotti-Tate group is 0), is isomorphic to our universal deformation space Spec A m . Note that the existence of such a closed point is ensured by Lemma III 4.3 of [HT] . This will be used in the section 4.2.
The level π deformation space
Now we fix n ≥ 1, and we are interested in the deformation space X = Spec A 1 of level π, which is a regular flat scheme over S = Spec W of relative dimension n − 1 with a (formally) smooth generic fiber. We denote the universal formal O K -module by Σ = Σ n .
From this subsection, we denote this ring A 1 simply by A. We denote the maximal ideal of A by m = (X 1 , . . . , X n ).
3.1. The equation of the space. We will start by computing the equation of this space X = Spec A. By Prop. 2.4, we have a set of regular local parameters X 1 , . . . , X n , therefore we have a surjective local homomorphism of local W -algebras
Denoting the kernel of this homomorphism by I, we can represent A in the form
is an (n + 1)-dimensional regular local ring with the maximal ideal m = (π, X 1 , . . . , X n ), and as A is regular, I is a height one (therefore principal) ideal generated by an element t which is part of a system of regular parameters of
is an injection between 1-dimensional k-vector spaces, therefore an isomorphism, which in turn gives (t ′ ) = I by Nakayama's lemma. Therefore, to determine I we only need to find any element t ′ ∈ I \ m 2 , and for this we observe the following equality in A, Proposition 3.1. We have the following equality in A:
Here a = (a 1 , . . . , a n ), and note that
In particular, we have π ∈ m q n −1 .
Proof. For the universal Drinfeld structure ( Σ ⊗ A, i, ϕ) over A, by definition we have:
As remarked before in Section 3.3, the constant term u Σ of U (T ) is in 1 + m. By comparing the leading terms (i.e. the coefficients of T ), we have the equality:
in A. The definition of the formal parameters gives the following:
is equivalent to giving a local Walgebra homomorphism f making the following diagram commute:
where the right vertical arrow is the canonical map defined in Prop. 2.4. The existence of such an f is ensured by the formal smoothness of A 0 over W (finding such f only amounts to defining the images of T i by finding the power series of X 1 , . . . , X n with coefficients in W which represent the images of T i in A).
Definition 3.2. We choose and fix one such f , and define Σ + as Σ⊗
Also for each a ∈ k we fix a liftã ∈ O K with0 = 0, say take µ q−1 ⊂ O K . For each a = (a 1 , . . . , a n ) ∈ k n \ {0}, define the following formal power series
where
We record some easy properties of these power series P a .
Proof. (i),(iii) follows from the definition of formal
for any x ∈ m, with u c ∈ c + m which are units depending on x. Now we can define an element of W [[ X 1 , . . . , X n ]] reducing to 0 in A using Prop. 3.1:
where P is the formal power series of the form:
Proof. We define u as any lift of
reduces to 0 in A, and by the discussion in the beginning of this section, we only need to confirm that P − π / ∈ m 2 = (π, X 1 , . . . , X n ) 2 . This is clear because P ∈ ( X 1 , . . . , X n ) q n −1 and P − π ≡ −π (mod m 2 ) unless when q = 2 and n = 1 in which case P − π ≡ u X 1 − π.
Remark 3.5. This argument can also be applied for the deformation spaces for higher level π m -structures, giving similar equations with P of the form
Here we also recall that the left action of (a ij ) ∈ GL n (k) on A is defined by
therefore by definition we can regard it as:
where (a ij ) j = (a i1 , . . . , a in ) and I = (P − π).
3.2.
The special fiber. Now we investigate the special fiber of X = Spec A. X is a scheme over S = Spec W with relative dimension n − 1, and we introduce the notations s = Spec k, X s = X × S s. By Prop. 3.4, we have:
Definition 3.6. For each a ∈ k n \ {0}, we denote the closed subscheme of X s defined by P a mod π = 0, or equivalently, the closed subscheme of X defined by P a = 0 by Y a .
By Prop. 3.3(ii), we see that Y a = Y a ′ when a = c · a ′ for c ∈ k × , and by Prop. 3.3(i) ensures that Y a = Y a ′ if otherwise. Therefore the set of irreducible components of X s are labeled by a ∈ k n \ {0} modulo scalar multiplication by c ∈ k × . More precisely, we give the following definition.
Definition 3.7. Let P = P n−1 be an (n − 1)-dimensional projective space over k, equipped with a set of projective coordinates (X * 1 : · · · : X * n ). For each a ∈ k n \ {0}, we define a k-rational hyperplane:
M a : a 1 X * 1 + · · · + a n X * n = 0 of P. For any such hyperplane M = M a , we denote Y M = Y a , which is well-defined by the remark above.
By this definition, we have the following: Proposition 3.8. M → Y M gives a bijection from the set of k-rational hyperplanes of P to the set of irreducible components of X s and in particular there are
We will later identify this P with the exceptional divisor of our first blow up.
3.3. Some preliminaries on blow up of schemes. Before we start blowing up our space, here we collect some facts on blow-up of schemes which will be used in the sequel. Let X be a noetherian scheme and I be a coherent sheaf of ideals in O X , and Y = Spec(O X /I ) the closed subscheme defined by I . The blow up of X at Y is defined as the scheme X ′ = Proj i≥0 I i which is projective over X. The structure morphism p : X ′ → X is an isomorphism outside the inverse image
is a regular immersion of codimension r, i.e. I is locally generated by a regular sequence of sections of O X of length r, the graded O X /I -algebra i≥0 I n /I n+1 is naturally isomorphic to the symmetric algebra generated by the conormal sheaf N Y /X = I /I 2 which is a locally free O X /Imodule of rank r, hence Y ′ ∼ = P(N Y /X ) is a projective space bundle (P r−1 -bundle) over Y ( [EGA] IV, 16.9 / 19.4), and if I is locally generated by a regular sequence X 1 , . . . , X r , then (X * 1 : · · · : X * r ) gives a set of projective coordinates of this projective space bundle where
We will need some commutativity between blow up and completions. Proof. First observe that as f is flat O Z is a flat f −1 O X -algebra, which shoes that
Corollary 3.10. Let X, I as above. For p ∈ X, let X p = Spec O X,p be the completion (or the completion of the strict henselisation) of X at p, and X ′ p the blow up of X p at the subscheme defined by
3.4. The first blow up. To calculate the vanishing cycle cohomology of X, we would like to blow up the closed point to obtain a good model. By Prop. 3.4, we have the description
Definition 3.11.
(i) Let p 0 : Z 0 → X be the blow up of X at the unique closed point x = (X 1 , . . . , X n ).
(ii) Let Y 0 be the exceptional divisor, i.e. the inverse image of the closed point x of
As X is the spectrum of an n-dimensional regular local ring, the exceptional divisor Y 0 is the (n − 1)-dimensional projective space P n−1 /k, equipped with a set of projective coordinates (X * 1 : · · · : X * n ) where X * i = X i mod m 2 . Therefore in what follows we will identify Y 0 with the P that we introduced before for the indexing purpose. Now we have the following: Proposition 3.12.
(i) In the special fiber of Z 0 , the exceptional divisor Y 0 has multiplicity q n − 1.
Proof. These properties can be checked by looking at the completions along the exceptional divisor of the affine open sets of Z 0 . Without loss of generality, for the M = M a of (ii) assume we have a n = 0, and look at the affine open set which is the spectrum of
We take the completion of this ring along the exceptional divisor X n = 0 (which is an affine space A n−1 with the coordinate ring k[V 1 , . . . , V n−1 ]) to get the spectrum of
with P = u · a∈k n \{0} P a where
Now by the congruence Prop. 3.3(i), we have
hence we can write
Therefore the special fiber of this affine scheme is the spectrum of:
In this expression, the exceptional divisor X n = 0 clearly has multiplicity q n − 1 inside the special fiber Spec(B 0 ⊗ W k). Also the inverse image in Spec B 0 of the proper transform
. . , V n−1 , X n ) = 0, therefore by the above congruence it intersects X n = 0 at the hyperplane n−1 i=0ã i V i + a n = 0 in A n−1 . As the situations in the completions of the other affine open sets of Z 0 are checked in exactly same way, we conclude that
As the center of blow-up was clearly GL n (k)-invariant, Z 0 inherits the GL n (k)-action on X, and here we can describe the action of GL n (k) on the exceptional divisor Y 0 .
Proposition 3.13. The action of GL n (k), in terms of the projective coordinates (X * 1 : . . . : X * n ) on Y 0 ∼ = P, is the usual left linear action through P GL n (k).
Proof. As the action of GL n (k) on Y 0 ∼ = P(m/m 2 ) is induced from the action on the n-dimensional k-vector space m/m 2 generated by X * i = X i mod m 2 for 1 ≤ i ≤ n, it suffices to see that the left action of (a ij ) ∈ GL n (k) on X * i is defined by
which is readily confirmed by reducing the left action on A:
3.5. A simple stratification. Here we define a simple stratification Y (0 ≤ h ≤ n − 1) on Y 0 ∼ = P by locally closed schemes of codimension h, defined in terms of F qrational linear subsupaces. It will be used in the analysis of this model in the subsequent sections.
Definition 3.14.
denote the closed subscheme of Y 0 ∼ = P which is the union of all k-rational linear subspaces of dimension (n − 1 − h) (or of codimension h). We will also let Y
is a smooth locally closed subscheme of Y 0 ∼ = P of codimension h which is stable by the GL n (k)-action, and is a disjoint union q−1 other components, each with multiplicity q − 1, intersecting Y 0 at all the k-rational hyperplanes. While the intersections of reduced special fibers are already transversal, more than n components meet at a point, so we have to blow up several more times to get a generalized semistable model. The successive blow-up performed in this subsection is analogous to the one performed to obtain the irreducible components of the special fiber of the p-adic upper half space (see for example [Ito] , Section 4).
We start by describing the intersections of the irreducible components Y M with each other.
Definition 4.1. For any k-rational linear subspace N ⊂ P, we define the closed subscheme
We denote the proper transform of
The intersection properties of all Y M 's correspond precisely with that of M 's inside P. More precisely, we have the following. 
Proof. As the inclusion on the other direction is trivial, it is enough to show
by the GL n (k)-action we can assume that N ⊂ P is defined by X * 1 = · · · = X * m = 0 and M i is defined by X * i = 0 for 1 ≤ i ≤ m, without loss of generality. In this case Y M i is defined by P 1 i = X i = 0 where 1 i = (0, . . . , 0, 1, 0, . . .) with 1 in the i-th entry, therefore m i=1 Y M i is defined by the ideal (X 1 , . . . , X m ) ⊂ A. Now for any M containing N is defined by an equation n i=1 a i X * i = 0 with a m+1 = · · · = a n = 0, which shows 
N . And also as N . This would result in an irreducible component W N in Z n−2 , which has multiplicity q n−i−1 − 1 as a component of the special fiber. The inverse image W P of Y P in Z n−2 is the unique proper component of the special fiber of Z n−2 , and is isomorphic to the B n−1 in the notation of [Ito] , Section 4, and W N ∩ W P is isomorphic to B i × B n−i−2 .
Now our main result here is:
Theorem 4.5. Z st = Z n−2 has generalized semistable reduction, i.e. its complete local rings at all the closed points are isomorphic to
with integers e i all prime to char k.
Proof. We start by describing the complete local rings at all the closed points of Z 0 , i.e. all the closed points of Y 0 . By an obvious GL n (k)-symmetry, it is enough to look at each points on the completion along the exceptional divisor of the affine piece that was defined in the proof of Prop. 3.12
Hereafter in this proof, we denote the coordinates of a point in the corresponding lower case alphabets to distinguish them from the elements of the coordinate rings. The complete local ring O x at the closed point x ∈ Spec B 0 with affine coordinates (v 1 , . . . , v n−1 ) depends on whether the value of P ′ a at that point is a unit or not for each a, which in turn depends on how many of the v i 's have krational linear dependence, by the equations (3.2). Therefore we conclude, if the image of x in Z 0 lies in Y (0) 0 , i.e. if there are no k-rational linear dependence on v 1 , . . . , v n , we have with m ≤ n − 1, i.e. there are exactly m of the k-rational linear dependences between v 1 , . . . , v n−1 , without loss of generality we can look at the case where the affine coordinates of x satisfy v 1 = · · · = v m = 0 and no k-rational linear relation between v m+1 , . . . , v n−1 , by using the GL n (k)-action. In this case we see that the value of P ′ a at x is a non-unit if and only if a m+1 = · · · = a n = 0. Therefore we obtain
where V i is a translation of V i which vanishes at x. And also by Prop. 3.3(iii),(i) we have P ′ (a,0) ( V 1 , . . . , V n−1 , X n ) ∈ ( V 1 , . . . , V m ) and
As a special case where m = 1, we see that
is already generalized semistable, because by Prop. 3.3 we have is defined by the ideal (V 1 , . . . , V m ), which is a regular sequence of O x . After the blowing up and completing along the new exceptional divisor, we obtain the affine pieces of the form:
with a unit u, and by the congruence (4.1) we can pull out the V m as we did in (3.2):
hence we can write the above affine piece in the form
Then if we look at the closed point y on the exceptional divisor of this blow up, which is a P m−1 -bundle over Y (n−1−m) N with a set of projective coordinates ( V * 1 : · · · : V * m ) or affine coordinates (u 1 , . . . , u m−1 ) with U i = V * i / V * m on the fibers, the complete local ring O y will depend on how many k-rational linear relations exist between the fiber coordinates u 1 , . . . , u m−1 of y. Assume that y lies on a k-rational linear subspace of codimension l ≤ m − 1, say U 1 = · · · = U l = 0 and no k-rational linear relation between u l+1 , . . . , u m−1 , without loss of generality because of the action of the parabolic subgroup of GL n (k) preserving N . Then the complete local ring will have the form:
and it is generalized semistable if l = 0, 1. As we repeat the blow up process, we have the sequence n = n 0 , m = n 1 , l = n 2 , n 3 , . . . until there is no more blow up to be done when n t = 1 for some integer t. This proves that Z n−2 is generalized semistable at all closed points.
Also we see, by the definition of the action of GL n (k) on the coordinates X 1 , . . . , X n and the definition of the power series P a ( X 1 , . . . , X n ), that the action of GL n (k) on Z 0 would permute the components Y (0) N in the obvious way (by acting on the set of indices through P GL n (k)), and all the blow-ups performed here are GL n (k)-equivariant, so that Z st would inherit the GL n (k)-action.
4.2.
Relation with a generalized semistable model of Shimura variety. In order to apply the computations of nearby cycle sheaves for the varieties with generalized semistable reduction that are recalled in Section 2.2 to our situation, we need to compare what we have constructed with some scheme of finite type over S. For this, first we can approximate the defining equation (a formal power series) of X by a polynomial to define an affine scheme of finite type over S, so that its completion at the origin would be isomorphic to X (cf. [Art] ). Then by performing the successive blow up of this scheme by corresponding closed subschemes and observing that it has generalized semistable reduction (i.e. etale locally etale over Spec
we can show that the results concerning the nearby cycles of schemes of finite type are applicable to our situation.
But here we will use the integral model of a unitary Shimura variety (which we recalled in Section 2.4) as our scheme of finite type over S. Although we should stress that introducing the Shimura varieties are not logically necessary for the proof our main theorems, the argument after defining the scheme will be similar, and moreover it has an advantage of illuminating the connections of the centers of blow-ups with the corresponding subschemes of the integral Shimura variety with moduli interpretations.
First we show that the subschemes Y N used in our blow ups are inverse image of some closed subvarieties of the special fiber of the integral model of a Shimura variety. We need to use the notations in [HT] , especially Chapter III.4. The integral model X U p ,m of a Shimura variety defined in p.109 of [HT] is a proper flat scheme of relative dimension (n−1) over O F,w = O K , and its special fiber
U p ,m of dimension h, which is the closure of the set of closed points where the associated p-divisible group has etale height ≤ h (defined in p.111 of [HT] ). And the proof of Lemma II.2.7 (p.114 of [HT] ) says that the completion of the strict local ring at any geometric closed point centered in
is isomorphic to the deformation space of formal O K -modules with level π m 1 -structure. Therefore we fix a multiindex m with m 1 = 1, and denote X U p ,m simply by Sh, and 
In the light of Cor. 3.10, we see that Z 0 ∼ = Sh 1 × Sh X. Now we want to show that Z i ∼ = Sh i × Sh X, by showing the correspondences between the centers of blow ups.
Lemma 4.7. We have N Y N = X × Sh Sh [h] where in the union N runs through all
Proof. In [Man] 3.1.3, the following decomposition of Sh [h] is constructed (their inter-
sections with the open strata are defined in [HT] , p.115, denoted X U p ,m,M ). For any
∨ is a free O K module of rank n used in the definition of the Shimura variety), Sh N ′ is the unique reduced closed subscheme such that for any scheme T → Sh [h] , the base change of the Drinfeld structure α on the universal p-divisible group G /Sh of height n:
and only if the morphism T → Sh [h] factors through Sh
[h]
N ′ , where N ′ runs through all free k-submodule of π −1 Λ 11 /Λ 11 of rank n − h. Now by the morphism X → Sh, G /Sh and α pull back to the universal formal O K -module Σ ⊗ A and the universal Drinfeld structure ϕ. Therefore, for any scheme T → Sh pulled back to T X → X, the condition for T X to factor through X × Sh Sh 
is written as:
which is exactly the defining equation of P a . Therefore if we take a basis {a 1 , . . . , a n−h } of N ′ and define
N ′ is the closed subscheme of X defined by the ideal (P a 1 , . . . , P a n−h ), namely Y N by Lemma 4.2. As N ′ runs through all rank n − h free submodules of (k n ) ∨ , clearly N runs through all k-rational linear subspaces of P of dimension h − 1.
Lemma 4.8. We have canonically
Proof. We show that Z i → Sh i is flat and Z i ∼ = X × Sh Sh i by induction; we have already seen that it holds for i = 0 (strict henselisation and completion being flat). Now as we saw above, the center of blow up for Z i+1 → Z i , namely the union of all the proper transforms of Y N inside Z i for all k-rational linear subspaces N ⊂ P of dimension i, is just the pull back of the center of blow up for Sh i+1 → Sh i , namely the proper transform of Sh [i+1] inside Sh i . Therefore we have Z i+1 ∼ = Z i × Sh i Sh i+1 by Lemma 3.9, therefore Z i+1 ∼ = X × Sh Sh i+1 by our inductive hypothesis. Now if we denote the base change of Sh, Sh n−2 by S = Spec W → Spec O K by Sh S , Sh st , we have the diagram of S-schemes
whose second square is cartesian by the above lemma. We can regard the geometric closed point s → s ∈ Sh that we chose before as the closed point of Sh S , and the inverse image of the closed point x ∈ X under Z st → X, namely the unique proper component
Lemma 4.9. For all the closed points z ∈ W P ⊂ Z st , the local homomorphism between the complete local rings
Proof. The morphism Sh st → Sh S would map f (z) to s, hence it induces a local homomorphism between complete local rings 
with all e i 's not divisible by p = char k.
(ii) The canonical base change morphisms of nearby cycle sheaves
Proof. (i) This proposition follows from Lemma 4.9, using the fact that we can characterize the generalized semistable reduction by looking at the completion of the strict local rings. From the lack of immediate reference, we give a sketch of its proof. Assume that the complete local ring at a closed point x of the scheme X of finite type over S is isomorphic to
with integers e i all prime to char k. Then it is a regular scheme with its reduced special fiber being a normal crossing divisor with all the multiplicities prime to p (i.e. the generators t 1 , . . . , t d of the components passing through x are the part of a regular system of parameters). Therefore, some etale neighborhood of x in X is a regular scheme with its reduced special fiber being a normal crossing divisor with all the multiplicities prime to p. Then by sending T i to the local generators t i of the divisors crossing at x we obtain an unramified map from an etale neighborhood Spec A of x in X to Spec W [T 1 , . . . , T n ]. By [EGA] IV, (18.4.7), we can decompose this morphism into an etale morphism Spec B → Spec W [T 1 , . . . , T n ] and a closed immersion Spec A → Spec B. Hence A = B/I for an ideal I of B, and the inverse image of I in W [T 1 , . . . , T n ] must be of the form (T
, and as all the e i 's are prime to p, we can take u = 1 etale locally, hence we obtain the desired etale map.
(ii) We have to check that they induce isomorphisms on the stalks at all points, which is ensured by Lemma 4.9 and the formal invariance theorem for nearby cycle sheaves of Fujiwara-Gabber ( [Fu] , Corollary 7.1.7), which asserts the isomorphism (R q ψΛ) z ∼ = H q (( O z ) η , Λ) where η denotes the geometric generic fiber.
Remark 4.11. In fact we can show that the whole Sh st has generalized semistable reduction ( [Yo] ), but we will not need this fact.
A model containing the Deligne-Lusztig variety
5.1. Base change and normalization. Now we would proceed to construct a model of X over a tamely ramified extension of W , namely W n = W (π n ) where π n = π 1/(q n −1) , which includes a Deligne-Lusztig variety inside the special fiber. Let S n = Spec W n . This is simply done by taking the base change of Z 0 over S n and normalizing it.
Definition 5.1.
(i) Let Z n be the normalization of Z 0 × S S n . (ii) Let U n , Y n respectively be the inverse image of Y M for all M , we only need to invert the equations which reduces (mod π) to the defining equations of Y (0) M . We start from the affine subscheme defined in the proof of Prop. 3.12, namely:
is the affine space A n−1 , the complement of the hyperplane X * n = 0 in P. Now in order to remove all the k-rational hyperplanes n−1 i=0ã i V i + a n = 0 of A n−1 from the special fiber, we invert the element a∈k n \{0} P ′ a and define:
Now we will describe the equation of the variety U n , which is achieved by normalizing the ring C 0 ⊗ W W n , which is:
For this we adjoin the element V n = π n / X n of its total quotient ring to this ring, as the equation:
shows that V n = π n / X n is integral over C 0 ⊗ W W n , and moreover it is a unit, as V q n −1 n = u · P ′ a is inverted. By using the fact that inverting P ′ a is equivalent to inverting V n , we compute the ring C 0 ⊗ W W n [V n ] as follows:
Now we claim the following:
Proposition 5.2. Consider the spectrum Spec C n of the ring:
which is a closed subscheme of
Proof. (i) It can be seen from applying Jacobian computation directly, but here we prove it by showing that Spec C n is formally smooth over S n . The generic fiber is apparently formally smooth as it is unchanged from that of Spec B 0 × S S n and Spec B 0 was the completion of a part of Z 0 which in turn had the same generic fiber as X. The special fiber of Spec C n (equal to the locus of X n = 0, as V n = π n / X n is a unit), i.e. the spectrum of the ring:
(here we used u ∈ 1 + ( X n )) is a smooth affine variety, because we have
(a 1 V 1 + · · · a n−1 V n−1 + a n ) by (3.2). Now it remains to show that Spec C n is flat over S n . Starting from the flat Proof. It is a special case of [Mat] , Th. 22.6.
is an integral domain, where π n − V n X n ∈ B does not reduce to zero, hence the flatness of B/(π n − V n X n ).
is again an integral domain where u· P ′ a −V q n −1 n ∈ B does not reduce to zero, flatness of C n over W n follows as desired.
(ii) Clearly the generic point of C n coincides with that of C 0 ⊗ W W n [V n ], i.e. that of C 0 ⊗ W W n , and C n is finite over C 0 ⊗ W W n . Hence the assertion follows from (i).
is an open affine subscheme of Spec B 0 × S S n which is the completion along the exceptional divisor of an open affine subscheme of Z 0 × S S n . Therefore Spec C n is the open subscheme of the completion along the exceptional divisor of the normalization Z n . Moreover, as the special fiber of Spec C 0 is naturally isomorphic to Y (0) 0 which is contained in the exceptional divisor, the special fiber Spec(C n ⊗ Wn k) must be isomorphic to the inverse image of
By changing the coordinates on U n as follows:
we have the following description of U n ∼ = Spec(C n ⊗ Wn k):
Note that, by unwinding the definitions, we see that the coordinates X ′ 1 , . . . , X ′ n are related to the original X 1 , . . . , X n through X ′ i = X i /π n for each 1 ≤ i ≤ n.
Proposition 5.4. The equation of U n is given by:
which is a smooth affine variety over k.
5.2.
Action of GL n (k) and the inertia group. Summing up, we have following diagram of schemes:
Here all the vertical maps are surjective, Z 0 , Z n are normal models of X, X × S S n respectively, Y 0 , Y n the unique proper components (with multiplicity q n − 1, 1 respectively) of their special fibers, and Y
0 , U n are open affine subvarieties of them. Also:
(i) The right actions of GL n (k) on X extend to all the schemes in the above diagrams, and all maps are GL n (k)-equivariant. (ii) The special fiber of Z n , and therefore Y n and U n have the geometric inertia action, the action of I K , and it factors through the finite quotient
Now we will describe these actions on U n explicitly by the coordinates introduced above. We denote the image of X ′ i in the coordinate ring of U n by X ′ i .
Proposition 5.5.
induced from the finite map Z n → Z 0 is a Galois finite etale covering with the automorphism group Gal(Frac W n / Frac W ), which is canonically isomorphic to µ q n −1 ∼ = k × n . Its action on the coordinate ring is described by X ′ i → ζ −1 X ′ i for all 1 ≤ i ≤ n, where ζ ∈ µ q n −1 denotes the image by the above canonical isomorphism.
Proof. (i) This is easily seen by substituting X i = π n X ′ i to the original action (3.1) and using Prop. 3.3(i) to see that the action of (a ij ) ∈ GL n (k) mod π 2 n is
and dividing the both sides by π n .
(ii) This is also clear by the relation X ′ i = X i /π n for each 1 ≤ i ≤ n, and the inertia action on S n being defined by π n → ζπ n for ζ ∈ µ q n −1 ∼ = Gal(Frac W n / Frac W ).
We will observe in the next chapter that the finite etale covering U n → Y (0) 0 of smooth affine varieties over k, with the right action of GL n (k) × I K , is isomorphic to the Deligne-Lusztig variety for GL n (k) and its maximally non-split torus T with T (k) ∼ = k × n , defined in [DL] , Section 2.1/2.2.
Calculation of vanishing cycles
6.1. Review on vanishing cycle cohomology. Here we recall the method of calculating vanishing cycle cohomology of strict local rings over strict henselian discrete valuation ring via the special fiber of a model. A similar argument can be found in [Bryl] .
In this subsection, let K be a strict henselian discrete valuation field, O K its integer ring, k its algebraically closed residue field with char k = p > 0. We denote the generic point and the special point of S = Spec O K by η = Spec K and s = Spec k, and the geometric generic point by η = Spec K, where K is a separable closure of K. We let S = Spec O K , where O K is the integral closure of O K in K, which is a non-discrete valuation ring. The generic point and the special point of S are respectively η and s.
We consider an n-dimensional strict henselian local O K -algebra A with local structure homomorphism O K → A, and let X = Spec A. We denote the base change of X/S over s, η, η, S respectively by X s , X η , X η , X. The above schemes fit into the following diagram:
We are interested in the ℓ-adic etale cohomology groups H * (X η , Q ℓ ) of the (n − 1)-dimensional affine variety X η over η = Spec K, where ℓ is a prime not equal to p. Hereafter we denote the constant ℓ-adic sheaf Q ℓ simply by Λ. By the Leray spectral sequence for j, we have:
where H denotes the hypercohomology and Rj * Λ is the object in the derived category of ℓ-adic sheaves on X, and x denotes the unique closed point of X and X, which is the spectrum of k. (R i j * Λ) x is the stalk at x of the ℓ-adic sheaf R i j * Λ over X. Constructibility of the ℓ-adic sheaf Rj * Λ (from which follows that H i (X η , Λ) has finite rank) follows from [SGA4.1/2], [Finitude] , under the hypothesis that S is excellent and X is the strict local ring of a scheme locally of finite type over S.
We can try to compute these cohomology groups by constructing a good geometric model of X, obtained by repeated blowing up and normalizations over ramified extensions of K.
Let K ′ be a finite extension of K and
and let x denote also the closed point of X ′ . Suppose we have a proper morphism p : Z → X ′ over S ′ which is an isomorphism on the geometric generic fibers (i.e. p| Z η ′ = id where
, and denote the inverse image of x by Y = p −1 (x). We denote the inclusions Y → Z, X ′ η ′ → Z respectively by i Z , j Z , and we denote the objects obtained from p, Z, i Z , j Z by the base change under S → S ′ respectively by p, Z, i Z , j Z . Note that Y = p −1 (x) is a proper subvariety of the special fiber Z s = Z × S s of Z. We can describe the situation by the following diagrams: 
Also we would use the following another consequence of proper base change theorem:
be successive finite extensions of K, and suppose we have the above situation over each field: 
Also, in order to apply the results from Section 4 to compute the vanishing cycle cohomology, we need the results on the nearby cycle sheaves on the schemes with generalized semistable reduction, following [Sa] (See also [RZ] ).
Hereafter let X be a scheme locally of finite type over the strict henselian trait S = Spec O K , and as in the last subsection, denote the inclusions X s → X, X η → X respectively by i, j, and denote by X, X η , i, j the objects obtained by the base change under S → S of the corresponding objects. Consider the nearby cycle sheaves R k ψΛ = i * R k j * Λ which are constructible ℓ-adic sheaves on X s with the action of the inertia group I K = Gal(K/K) of K.
Assume that X has generalized semistable reduction in the sense of Prop. 4.10(i). Let {Y i } i∈I be the irreducible components of the special fiber X s , and for any finite (ii) (Cor. 1 to Prop. 6 of [Sa] ) On Y 0 J with |J| = 1, in the Grothendieck group of smooth ℓ-adic sheaves with actions of π 1 (Y 0 J ) and I K , the following alternating sum vanishes:
6.2. Review and complements of Deligne-Lusztig theory. Here we review the results obtained from the Deligne-Lusztig theory [DL] relevant for our case, and give some complementary results (see also [Serre] ).
Let G be a reductive group defined over a finite field k, and F : G → G be a Frobenius morphism. For an F -stable maximal torus T and a Borel subgroup containing B, Deligne and Lusztig construct a G F -equivariant finite etale Galois covering of smooth varieties over k with right G F -actions:
with Galois group T F . By decomposing the ℓ-adic sheaf f * Q ℓ ∼ = ⊕ θ F θ where θ runs through the characters of T F , we define the virtual G F -representation:
which turns out to be independent of the choice of B, and moreover depends only on the G F -conjugacy class of T and on the orbit of θ under (N (T )/T ) F where N (T ) is the normalizer of T . Note that as X T ⊂B has right G F × T F -action, H i c ( X T ⊂B , Λ) is a left G F × T F -module, and H i c (X T ⊂B , F θ ) = H i c ( X T ⊂B , Λ)(θ), where V (θ) is the direct factor of V where T F acts by θ.
Definition 6.5.
(i) Let T, T ′ be two F -stable maximal tori of G, and θ, θ ′ be characters of T F , T ′F . The pairs (T, θ), (T ′ , θ ′ ) are said to be geometrically conjugate when the pairs (T, θ • N ), (T ′ , θ ′ • N ) where N is the norm from T F n to T F (resp. T ′F n to T ′F ) are G F n -conjugate for some integer n. Here the norm N for T is the map n−1 i=0 F i : T F n → T F .
(ii) The character θ of T F is called in general position if it is not fixed by any non-trivial element of (N (T )/T ) F .
Here we summarize some of the main theorems of this theory: 
F then we have ( [DL] , Th. 6.8): We could see that R j ψΛ| Y (0) 0 = 0 for j > 0 from the last subsection, but we can compute it more explicitly using the normalization U n and the finite etale covering map f : U n → Y (0) 0 . By Prop. 6.2 we see that R i ψΛ| Y (0) 0 ∼ = f * R i ψΛ| Un for each i, and as U n is the special fiber of the smooth S n -scheme C n , we have (ii) H n−1 (X η , Λ) cusp = χ∈C π χ ⊗ χ, H i (X η , Λ) cusp = 0 for i = n − 1. (iii) H n−1 (X η , Λ)(χ) = π χ ⊗ χ, H i (X η , Λ)(χ) = 0 for i = n − 1.
